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Abstract 
Abstract 

Let p be an odd prime. Let F p be the finite field of p elements and 
F* its multiplicative group. Let K = Q(C) be a p-cyclotomic field and 
Ok its ring of integers. Let tt be the prime ideal of K lying over p. Let 
a : (" — > ( v be the Q-isomorphism of K for a primitive root v mod p. The 
subgroup of exponent p of the class group of K can be seen as a direct 
sum C p = ©i =1 Tj of groups of order p where the group Tj are annihilated 
by polynomials a — with m £ F*. Let us fix T for one of these T,. From 
Kummer, there exist non-principal prime ideals q of inertial degree 1 with 
classes C7(q) G T. We show that there exist singular semi-primary integers 
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A such that AO K = cf and A a -^ = a p with a G K. Let E defined by 
E = (=) p — 1. Let v be the positive integer defined by v = v- K {E) — (p — 1) 
where «„■(.) is the 7r-adic valuation. The aims of this article are: 

1. To give some algebraic relations connecting the singular integer A and 
the p 2 -power of the Gauss sum g(q). 

2. to give some informations on the 7r-adic expansion of g(q) p and of E. 

3. to derive an explicitly computable upper bound of v from the algebraic 
expression of Jacobi resolvents used in Kummer-Stickelberger relation 
of the p-cyclotomic field K. 

Remark: we have not found in the literature some formulations corre- 



sponding to lemma EH P- El theorems G£I21plI31EI31 p. (HQp. HfillP 
p. HandOp. [201 

1 Some definitions 



In this section we give the definitions and notations on cyclotomic fields, 
p-class group, singular numbers, primary and non-primary, used in this 



1. Let p be an odd prime. Let ( p be a root of the polynomial equation 
XP- 1 + XP~ 2 + • • • + X + 1 = 0. Let K p be the p-cyclotomic field 
K p = Q(C P ). The ring of integers of K p is Z[£ p ]. Let K+ be the 
maximal totally real subfield of K p . The ring of integers of is 



mod p and a : C, p — > C P be a Q-isomorphism of K p . In this article, for 
n € Z, following the conventions adopted by Ribenboim [J5], we use 
the notation v n = v n mod p with 1 < v n <p—l. Let G p be the Galois 
group of the extension K p /Q. Let F p be the finite field of cardinal p 
with no null part F*. Let A = Q p — 1. The prime ideal of K p lying 
over p is 7r = AZ[£ P ]. 

2. Let C p be the p-class group of K p (the subgroup of exponent p of the 
class group C of K p ). Let r be the rank of C p . Let be the p-class 
group of K£ . Let r + be the rank of . Then C p = Cp © C~ where 
C~ is the relative p-class group. 

3. C p is the direct sum of r subgroups Tj of order p annihilated by 
a - m G Fp[Gp] with m G F* 



paper. 




(i) 



C p — ©j_^Tj. 



Then [i = v n with a natural integer n, 1 < n < p — 2. 
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4. An integer A G is said singular if A 1 ^ ^ K p and if there exists 
an ideal a of Z[£ p ] such that ^4Z[£ P ] = a p . 

5. An integer A G is said semi-primary if there exists a natural 
integer a coprime with p such that A = a mod 7r 2 . An integer yl € 
Z[(p] is said primary if there exists a natural integer a coprime with 
p such that A = aP mod 7r p . 



2 Preliminary results 

We shall use in this paper a result of Kummer: the group of ideal 
classes of the cyclotomic field K p is generated by the classes of prime 
ideals q of inertial degree 1. Let T be one of the groups Tj defined in 
the relation (P). 

(a) If r~ > and T C C~: then there exist singular semi-primary in- 
tegers A with AZ[(^p] = q 2p where q is a non-principal prime ideal 
of Z[(p] verifying simultaneously 

ci(q) g r, 

a (A) = A^ x a p , fie F*, a G K p , 

(2) p - 3 
H = v 2m +i, men, 1 < m < — ^— , 

7r 2m+1 I A - a p , a G N, 1 < a < p - 1, 
Moreover, this number A verifies 

(3) A x A = D p , 

for some integer D G Z[( p + Cp 1 ]*- 

i. If A is non-primary then 7r 2m+1 || A — a p . 

ii. If ^4 is primary then the extension K(A 1 ^ P )/K is cyclic unram- 
ified of degree p. In that case we know that r + > 0. 

(see Queme, [1] theorem 2.4 p. 4 for these results). Observe 
that there exists such singular primary numbers A iff Vandiver's 
conjecture is false and that the knowledge of 7r-adic value v n (A — 
a p ) is important in regards of Vandiver's conjecture. 

(b) If r + > and T C C p : then there exist singular integers A with 
AZ[C P ] = q 2p where q is a non-principal prime ideal of I*[( p ] 
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verifying simultaneously 
C7(q) € r, 

a (A) = A 11 x a p , fie F*, a e K p , 

(4) p - 3 
fi = v 2m , m£N, 1 < m < , 

vr 2m |A-a p , aGZ, l<a<p-l, 
Moreover, this number A verifies 

(5) | = B\ 

for some number D e K^". 

i. If ^4 is non-primary then 7r 2rra || A — a p . 

ii. If A is primary then the extension K(A l l p ) is cyclic unramified 
of degree p. 

(see Queme, [I] theorem 2.7 p. 7 for these results). 



3 On Kummer-Stickelberger relation 

Stickelberger relation was already known by Kummer under the form of 
Jacobi resolvents for the case of cyclotomic field K p , see for instance Riben- 
boim [5] (2.6) p. 119, which explains the title of this section. 

1. Let q 7^ p be an odd prime. Let be a root of the minimal polynomial 
equation X q ~ l + X q ~ 2 + • • • + X + 1 = 0. Let K q = Q(( q ) be the 
g-cyclotomic field. The ring of integers of K q is Here we fix 
a notation for the sequel. Let u be a primitive root mod q. In 
this article, for n e Z we use the notation u n = u n mod q with 
1 < u n < q — 1. Let K pq = Q(Cp>C?)- Then if M is the compositum 
KpK q . The ring of integers of K pg is Z[£ P9 ]. 

2. Let q be a prime ideal of Z[£ p ] lying over the prime Let m = 
-^Kp/Q^) = 1 where / is the order of q mod p. If ip(a) = a is the 
image of a e Z[£ p ] under the natural map ij) : Z[£ p ] — > Z[£ p ]/q, then 
for tp(a) = a ^ define a character x<t on = ^[Cp]/Q by 

(6) X? ) (a) = {^r 1 = A , 
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where {^} = for some natural integer c, is the p th power residue 
character mod q. We define 

(7) 9(d) = Yl uiH*) >< C FmlFq{x) ) € nc Pq }. 

x£F m 

It follows that g(q) G 1\(,p q \. Moreover it is known that g(q) p G Z[£ p ], 
see for instance Mollin [2] prop. 5.88 (c) p. 308 and that g{q) a ~ v G 
K p , see for instance Ribenboim [5] (2 A) b. p. 118. 
The Stickelberger's relation used in this article is classically: 

(8) g(q) p Otf = q S , 

with S = Ylt=l * x w t 1 where wt G Gal(K p /Q) is given by zu t : ( p —>■ Cp- 
See for instance Mollin [2] thm. 5.109 p. 315. We remind that g(q) G 
Z[Cp> Cg]; 3(q)s f (q) = 9^ an d ff(q) p G Z[C P ], see f° r instance Mollin [2] prop. 
5.88 p. 308. In following lemma we give another straightforward form of 
S more adequate for computations in Z[G P ]. 

Lemma 3.1. Let P(a) = ^=o °* x v -i e z t G p]- Then S = P (°")- 

Proof. Let us consider one term ro^T 1 x i. Then t>_i is a primitive root 
mod p, hence there exists one and one i such that t = V-i. Then w v _ i : 
Cp — * Cp~ l an d so w~_. : C p — ► Qp l and so = a 1 , which achieves the 
proof. □ 



3.1 Some properties of g(q). 

In this subsection we give some elementary properties of g(q) and, when 
q is of degree 1, we derive a Kummer form of the Stickelberger relation 
where g(q) is a Jacobi resolvent. 

Lemma 3.2. If q ^ 1 mod p then <?(q) G Z[£ p ]. 
Proof. 

1. Let it be a primitive root mod g. Let r : Cq — > be a Q-isomorphism 
generating Gal(K q /Q). The Q-isomorphism r is extended to a 
isomorphism of -FT p(? by r : ( q -> Q 1 , Cp Cp- Then g(q) p G Z[£ p ] 
and so 

r( 5 (q)) p = 5(q) P , 

and it follows that there exists a natural integer p with p < p such 
that 

r(s(q)) = C P P x 5 (q). 
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Then N Kpq/Kp (r(g(ci))) = x N Kpq/Kp (g(^) and so C£ l<Z j = 1. 

2. If g ^ 1 mod p, it implies that = 1 and so that r(<?(q)) = g(q) and 
thus 5 (q) GZ[g. 

□ 

Let us note in the sequel g(q) = Ya=q 9i x Q 5« e ^[Cp]- 
Lemma 3.3. If q = \ mod p then go = 0. 

Proof. Suppose that go / and search for a contradiction: we start of 

r(5(q)) = C P P x </(q). 
We have 5 (q) = E?=o 5i x Q and so r(#(q)) = Y£o 9i x Cg", therefore 

q-2 q-2 

E(^x^)xa = E^ x C 

i=0 i=0 

thus g = Cp x go an d so (p = 1 which implies that r(g(q)) = g(q) and so 
<7(q) € Z[C p ]. Then in Z[£ p ], from Stickelberger relation, g(q) p Z[C p ] = q 
where 5 = X)t=i * x w t^ ■ Therefore w'^ 1 (q) || q s because g splits totally 
in K p /Q and ro t _1 (q) / tu t 7 1 (q) for t 7^ t'. This case is not possible because 
the first member g(q} p is a p-power. □ 

Here we give an elementary computation of g(q) not involving directly 
the Gauss sums. 

Lemma 3.4. If q = 1 mod p then 

s(q) = c, + qq- 1 + c 2 /q- 2 + ■■■+ t { r 2)p C- {q ~ 2) , 

9^fZ[Q = q S , 
for some natural number p, 1 < p < p — 1. 
Proo/. 

1. We start of r(g(q)) = Cp x g(q) and so 

(10) E< = c P Px E34 

i=l i=l 

which implies that gi = gi(p for u x i = 1 mod g and so g U -i = 9\Qp 
(where u_i is to be understood by u^ 1 mod so 1 < u_i < g — 1). 
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2. Then r 2 ( 5 (q)) = r(C&(q)) = Cp 2p <?(q)- Then 

q-2 q-2 
i=l i=l 

which implies that gi = gi(p p for u 2 x i = 1 mod g and so g u _ 2 = gi(p P . 

3. We continue up to T^- 2 ^{g{q)) = r"- 3 (C£ 5 (q)) = • • • = Ci q ~ 2)p g{cfi. 
Then 

|>cr 2 wr 2)p x (f>g, 

i=l i=l 

which implies that <?j = giCp 9 2 ^ P for u q ~ 2 x i = 1 mod g and so 

y«-( 9 -2) ~~ yisp 

4. Observe that u is a primitive root mod g and so u_i is a primitive 
root mod q. Then it follows that <?(q) = g\ x (C 9 + CpCg _1 + Cp P Cg~ 2 + 

. . . ci 9 " 2)p c;- (9 - 2) ). Let u = Cq +c^- 1 +C 2 /C' 2 + .- ■ d q ~ 2)p Cq- (q - 2) . 

5. We prove now that g\ £ Z[C p ]*. From Stickelberger relation g^xU p = 
q 5 . From S 1 = Y%=i w t l * t it follows that ro i T 1 (q) i || q s and so 
that g\ ^ mod ro i r 1 (q) because ^ is a p-power, which implies that 
gi £ Let us consider the relation ([7|). Let i = 1 E F ?) then 

Tr Fq/Fq (x) = 1 and Xq P) (l) = l (g ~ 1)/p mod q, so Xq P) (l) = 1 and thus 
the coefficient of Cq is 1 and so g± = 1. 

6. From Stickelberger, g(q) p Z[C p ] = q 5 , which achieves the proof. 

□ 

Remark: <?(q) = Q+^C+Cp"^'^- • • + C^" 2)P Cr (9 " 2) implies that 
r(ff(q)) = Q + C£C g + Cp'C" 1 + • • • + C^~ 2)P Ca" ( "" 3) and that C x 5 (q) = 
(% + Cp'C" 1 + Cp P £- 2 + ■■■ + C ( P q ~ 1)P C {q - 2) and we can verify directly 
that r(g(q}) = Cp x <?(<!) f° r this expression of g(q), observing that q — 1 = 
mod p. When g = 1 mod p Stickelberger's relation is connected with 
the Kummer's relation on Jacobi resolvents, see for instance Ribenboim, 
[2] (2A) b. p. 118 and (2C) relation (2.6) p. 119. 

Lemma 3.5. If q = 1 mod p then 
1. The value of g(q) obtained in relation (0|) is the Jacobi resolvent: 

q-2 

(ii) g{a) = <C P ~ v Xq>=Y,(v m Q l - 

i=0 
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Proof. 

1. Show first that g(q) =< CpXg >■ apply formula of Ribenboim [5] (2.2) 
p. 118 with p = p, q = q, ( = £ p , p = ( q , n = p, u = i, m = 1 
and h = u -1 (where the left members notations p, q, p, n, u, m and 
h are the Ribenboim notations). 

2. Show that p = —v. we start of < (p, ( q >= g(q). Then v is a primitive 
root mod p, so there exists a natural integer I such that p = v l mod p. 
By conjugation o~ l we get < CpXg >= #(q) CT ■ Raising to p-power 
< Cpj C? > p= <?(q) pCT • From lemma [3TT1 and Stickelberger relation we 
get 

(12) <Cp,C q > p nCp] = ^ p{a)(7 ' 1 . 

From Kummer's relation (2.6) p. 119 in Ribenboim [5J, we get < 
CpXg > p nCp] = q Pl(ff) with P 1 (a) = E^=o CT ^( P -i)/2- J and thus 

p-2 p-2 

(13) Sff i ~ , f-i = X) <7J ' u (p-i)/2-i- 

i=0 j=0 

Then, gathering the Kummer and Stickelberger relations (|12ft and 
(fTBj) . we get i — I = j mod p, so i — j = I mod p, in the other hand 
— z = p -^- — j mod p, so i — j = — p -^- mod p, so / = — p -^- mod p, so 
Z = £±i mod p, thus /) = f( p +i)/2 mod p and finally p = —v. 

□ 

Lemma 3.6. If q = 1 mod p then g(q) = —1 mod 7r. 

Proo/. From 5 (q) = Q q + + + ■ ■ ■ + C^^Q'^ , we 

see that <?(q) = Cj + Cg -1 +Cg~ 2 + ' • • + Cg~ (<?_2) niod 7r. From primitive 

root mod p it follows that 1 + ( q + Q' 1 + (q ~ 2 H h Cg ~ <9_2) = 0, which 

leads to the result. □ 

This result implies that n p \ g(q) p + 1. It is possible to improve this 
result by the following lemma: 

Lemma 3.7. If q = 1 mod p and p( q ~ l ^' p ^ 1 mod q then ir p || g(q) p + l. 
Proof. 
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1. We start of 5 (q) = ( q + + + . . . C^'^C^, so 

^(q) = ^((cr-^+^c^+c^-^+i)^- 2 , + • • • ((C^ 2)v -l)+l)C (g - 

also 

aid) = -l+cc-^-^cr'+cCp"^-^^^--^^-^^-^^^- 

Then = 1 — iwA mod 7r 2 , so 

<?(q) = -1 + A x (-vQ- 1 - 2<~ 2 (q- 2)v)C^ 2) ) mod A 2 . 

Then g(q) = -1 + XU + A 2 F with 

^ = -vQ- 1 - 2vQ~ 2 + •••-(?- 2K 9 "- ( "- 2) 
and U,V e Z[( pq }. 

2. Suppose that 7r p+1 | g(q) p + 1 and search for a contradiction: then, 
from fl (q)P = (-1 + XU + X 2 V)p, it follows that pXU + XWP = 
mod 7r p+1 and so ?7 P — U = mod 7r because pX + A p = mod 7r p+1 . 
Therefore 

_ 2v Q- 2 (g- 2)<;- ( - 2) ) p - 

(-vQ- 1 - 2vQ- 2 + •••-(?- 2)t;C5" (9 " 2) ) = mod A, 

and so 

(cf- 1 + 2Cf- +•••+(?- 2)cr^ <9 " 2) ) 

- (C" 1 + + • • • + (g - 2)C;- (9 " 2) ) = mod A. 

3. For any natural j with 1 < j < q — 2, there must exist a natural f 
with 1 < j' < q — 2 such that simultaneously: 

pu~i = it" - - 7 mod q ^> p = -J ' mod g, 
j' = j mod p. 

Therefore?) = ii px {0"^')/ p } mod g and so p^-^/P = u p x ^-^M x ^'^M moo \ q 
thus p('? _1 )/ p = 1 mod g, contradiction. 

□ 

Let M be the subfield of K pq with degree [M : K] = p. We know 
that g(q) p £ if and g(q) if, thus M = K(g(q)) is a cyclic extension 
of degree p. In the following lemma we connect the decomposition of the 
prime ideal ir of K in M with the value of p( 9_1 )/ p mod q used in lemma 

E3p. El 
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Lemma 3.8. 

1. 7r does not ramify in M/K . 

2. If tv is inert in M/K then tt p || g(q) p + 1 and p(9 -1 )/p ^ i mod p. 

3. Iftr splits in M/K then n p+1 \ g(q) p + 1 and pte'V/P = 1 mod p. 

Proof. 

1. <?(q) p + 1 = mod tt p , therefore g(q) is primary and 7r does not ramify 
in M/K (see for instance Washington [7] exercise 9.3 (b) p. 183). 

2. We start of #(q) = £'~ (p m (q~ l £ M. Let r be the if -isomorphism 
of JCpq given by r : £g — > Cg 1 - Let us note a the extension of the 
Q- isomorphism a of K to M given by cr : C — > 

3. Let G = ct -i+(p-i)/2 or- 1 ( 5 (q)). Then G = Ef=o W € Af. With- 
out loss of generality, we work now with G in place of g(q). Thus 
G = E£o(A + l) l Q ! , hence G = YXl C? + ^ mod ^ 
hence G = -1 + A ££ 2 iQ* mod vr 2 . 

4. Let II be a prime of M lying over 7r. = Ya=o ^Q 1 * mod II. 

(a) If vr does not split in M/K then r(II) = n. If ^ = mod II 

then ^±1 = mod r(II), thus ^±1 = mod n hence G 
mod IT, contradiction, hence is coprime with p and 7r p || G p + 
1. 

(b) If 7T splits in M/K then there exists a natural u; such that g(q) + 

= mod n 2 where n is a prime of M lying over ir because II 
is of inertial degree 1 and ir p+1 \ G p + 1. 

5. Then apply lemma 13.71 pl8l 

□ 

3.2 The polynomial P(a) = Ef=o 

This subsection contains some elementary algebraic computations on P(o~) £ 
Z[G P }. 

Lemma 3.9. 

(14) P(a) x {a - v) = p x Q(a), 
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where Q(a) = Ya=i <^ x a% e %[Gp] is given by 

Sp-2 = 
Sp-3 = 



v -(p-3) ~ V-{p-2)V 
P 

V-(p-4) - V-( p -3)V 



P 

(15) 

^ J v -(i-l) ~ v -i v 

"i — j 
P 

j. 1 - V-lV 

Ol = , 

p 

with —p < 5i < 0. 

Proof. We start of the relation P(a) = nf=o i^i( a ~~ u «) m ^p[Gp\i hence 
P(a) x (a-v) = px Q(a), with Q(a) G Z[G p ] . Then we identify in Z[G p ] 
the coefficients in the relation 

{V~ { P~V O-P- 2 + v -(P-3) a P-3 + • • • + „- V + 1) X (C7 - «) = 

P x (5 P _2^ P ~ 2 + <5p_ 3 ^ 3 + • ■ ■ + Skt + S ), 
where <r p_1 = 1. □ 

Remark: 

1. Observe that, with our notations, Si G Z, i = l,...,p — 2, but 
generally <5« ^ mod p. 

2. We see also that — p < Si < 0. Observe also that So = - (p p 2) ~ v = 0. 
Lemma 3.10. The polynomial Q(a) verifies 

(p-3)/2 (P-3J/2 

(16) Q(o-) = {(1 - a)( Si x a') + (1 - v^-W} x ( £ a*). 

i=0 i=0 

Proo/. We start of ^ = "- (< - 1 >-«~ i " . Then 



v -(»+(p-1)/2-1) _ „-(i+(p-l)/2) w p _ - (p - t;-*)^ 

^+(p-l)/2 = = = 1— f— <5i 

p p 
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Then 

(p-3)/2 

Q(a) = Y, x ^ ~ ° t+(p - 1)/2 + (1 " ^K +(p - 1)/2 ) 
i=0 

(p-3)/2 (p-3)/2 
= ( Y, 5iXff ! )x(l-^ 1)/2) ) + (l-^)x ( j( !, - 1 >/ 2 x( ^ (7*), 
i=0 i=0 

which leads to the result. □ 
Let us note in the sequel 

(p-3)/2 

(17) Qx(a) = (l-a)( Y * x a ! ) + (1 - V M/2 - 

i=0 

3.3 7r-adic congruences on the singular integers A 

The results of this section are algebraic preliminaries to the two following 
sections Hp. Upland 151 p. 1201 

We remind that the group of ideal classes of the cyclotomic field is 
generated by the ideal classes of prime ideals of degree 1, see for instance 
Ribenboim, |5j (3A) p. 119. The prime ideal q of Z[£ p ] has a non-trivial 
class C7(q) € T where T is a subgroup of order p of C p defined in section 
[Hp. [21 with a singular integer A given by AZ[( p ] = q p . 

Lemma 3.11. One has g(q) 2p2 r] = A p W and (== ) ) 2p2 = {^) P((t) with 
some unit r\ G Z[£ p + C^ 1 ]*- 

Proof. We start of g(q) p Z[( p ] = q P(CT ) . Raising to p-power we get g(q) 2p2 Z[(. p ] 

q 2pP(<x)_ g ut AZ {Q = q 2 P) go 

(18) g( q ) 2p2 Z[C p ]=A p ^Z[C P ], 
so 

(19) 9 (q) y xc;x>) = i PW , v^ncp+Cp- 1 }*, 

where w is a natural number. Therefore, by complex conjugation, we get 
ff(q) 2p2 x C P W x V = A P{a) . Then (jM)P 2 x Q w = (|) P M . A is semi- 
primary, thus w = 0. Then (£M) 2 p 2 = (4) p(,j) . □ 
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Remark: Observe that this lemma is true if either q = 1 mod p or 
q ^ 1 mod p. 

Theorem 3.12. 

1. g(q) 2 P 2 = ±A P ^ . 

2. 5 (q)2p(<x-i)(<r-^ = ±(!)Qi(°-) ^ere 

(p-3)/2 

Q^a) = (1 - a) x ( ^ 5i x a*) + (1 - v) x >-^ 2 . 

i=0 

Proo/. 

1. We start of g(q) 2p2 x 77 = A P W proved. Then 3 (q) 2 P 2 (<r-i)(<r-«) x 
j^-iX —") = From lemma EHH we get 

P(<r) x {a - v) x {a - 1) = p x Q^a) x (tr^" 1 )/ 2 - 1). 

Therefore 

(20) 5 ( q )V(^-l)(^) x v (a-l)(a-v) = (Ay Ql (a)^ 

and by conjugation 



Multiplying these two relations we get, observing that g(q) x g(q) = 
also 

(21) ^(a-lXcr-*) = L 

Show that it implies r] = ±1: If t] " -1 Q then v 7T (rj a ^ 1 — 1) = 
2n for a natural n > 1. This implies that i> 7r (7/ <7—1 X <7_u ) — 1) = 
Vn('n a l — 1) = 2n because the action of a — v cannot change the 
parity of a number of even 7r-adic parity, hence that r/ " -1 ^ "^ ^ 1, 
contradiction. Therefore rj € Q and relation (|2ip follows. This leads, 
with relation fl2Qf> . to g(q) 2p = ±j4 p (°") and achieves the proof of the 
first part. 



13 



2. Prom relation (|20p we get 



(22) g ^2p*(*-i)(v-v) = ± (AyQi(*) i 
so 

(23) 5(q) 2 P (-i)(— ) = ±q x (^)Qi(-), 

where is a natural number. But g(c\) a ~ v E X p and so g(q)P( fT_,; )( <J_1 ) £ 

(K p ) p , see for instance Ribenboim [5J (2A) b. p. 118. and e 
(K p ) p because a — \i \ Qi(cx) in F p [G p ] when A is singular negative 
and 4 = D p when A is singular positive imply that w = 0, which 
achieves the proof of the second part. 

□ 



Remarks 

1. Observe that this theorem is true either q = 1 mod p or q ^ 1 mod p. 

2. <7(q) = —1 mod 7r implies that <?(q) p = —1 mod tt. Observe that if 
A = a mod tt with a natural number then A p ^ = a 1+v 1-1 ^ v (p 2 = 
a p(p-!)/ 2 moc | n = ±i mod 7T consistent with previous result. 

Theorem 3.13. 

1. If q = 1 mod p then A p ^ = 5 mod ix 2p ~ l with 5 G { — 1, 1}. 

2. Ifq^l mod p then A p ^ = 5 mod ix 2p with 5 G {-1, 1}. 

3. If and only if q = 1 modp and p(i~ l )/ p ^ 1 mod q therni 2p ^ 1 || A p ^ — 
5 with 5 G {-1, 1}. 

Proof. 

1. Prom lemma [376} we get n p | g(q) p + l and so vr 2 ^ 1 | 5 (q)f +1. Then 
apply theorem 13.121 

2. Prom lemma [3721 then <?(q) G Z[£ p ] and so ir p+1 \ g(q) p + 1 and also 
ir 2p | 5(q) p2 + 1. 

3. Applying lemma [3771 we get tt p || g(q)P + 1 and so tt 2 ?" 1 || g(q)P + 1. 
Then apply theorem 13.121 

□ 
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Remark: If C € Z[CJ is any semi-primary number with C = c mod ir 2 
we can only assert in general that v n (C p ^ — c p _i) > p — 1 for c p _i € Z: 
we start from P{<j) = nf=o i^il " — +2 5 -^( <T ) where i?(cr) G Z[£ p ]. Then 
v n (C — c) = m with 1 < m < p — 2, hence v- K {C (7 ~ Vm — c m ) = mi > 
m. Pursuing to climb up, v. K {C <yCr ~ Vm ^ (7 ~~ Vm ^ — c mi ) = m<i > mi, . . . , we 
obtain the result. For the singular numbers A considered, we assert more 
v n (A p ^ ±1) > 2p — 1. We obtain a 7r-adic depth > 2p — 1 for singular 
numbers A where the 7r-adic depth is only > p — 1 in the general case of 
semi-primary numbers C. 

4 Jacobi resolvents and Jacobi cyclotomic 
function 

The 7r-adic development of singular numbers shall be described in two 
steps: application of Jacobi resolvents and then of Jacobi cyclotomic func- 
tions. 

4.1 Singular integers and Jacobi resolvents 

1. Let q be a prime ideal of Z[£p] of inertial degree 1. Let q be the 
prime number lying above q so with q = 1 mod p. We can suppose, 
from Kummer, that C7(q) G T € C p where the group T of order p is 
annihilated by a — \x with \x = v n € F* where 1 < n < p — 2 because 
/i ^ v from Stickelberger theorem. Let A be a singular number with 
AZ[C p ] = q 2 P. We recall that A a -^ = oP for a £ K p and 1) > 3. 

2. ^((Il)^ — 1) > p — 1 + 3. Let us define the natural integer u > 2 by 

(24) = V A(=) P ~ 1) mod 0-1), 3 < ^ < p - 2. 

3- 5(q) but g(q) fT ~ 1 ' G K p , (see for instance Ribenboim [6j, F. p. 
440. Then let us define the natural integer p by 

(25) p = v„(( 9 J^y^-l)-(p-l). 

The definition relation ([25]) of p implies that p is odd and that p > 3. 
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The following theorem connects the 7r-adic expansion of singular inte- 
gers A with Jacobi resolvents <?(q): 

Theorem 4.1. 

1. If n ^ p then v < p. 

2. If A is singular primary then v tt(=^ — 1) <■ P — 1 + p- 
Proof. 

1. FVom lemmaEUlp- tt^we obtain (2M) 2 P 2 = (4) P M, so (Ms2)2pV-^) 

s(q) A ff(q) 

(AjP(«r)(<T-t») > From lemma ESI p. [TO] we obtain (£M)V(^-«) = 



(4)P0W, so 



also 



/g(q) \2p(<r-iQ = (£)QW ) 

ff(q) ^ 
s(q) A 



From lemma 13. 101 p. [TT]and relation (jlTj) p. [12] we get 

s(q) A 



so 



C26) /g(q)s,2p( f 7-t,)(l- CT ) _ f^\2Qi(a)) 



and 



(27) (•£(q)\2p( < T-i;)(l- C r)( C r- / L t ) = /^\2pQi(<r)) 

s(q) 5 

2. From lemma [3T6l p. [8] we know that =1 = 1 mod ir. From Ribenboim 

s(q) 

[6J F. p. 440 (^) cr ~" v € Kp. Therefore 



v s(q)' 



5(q) 



From the definition of p and the hypothesis n ^ p it follows that 

, g(q) - 



(28) U7r ((£M)P(^-«)(i-^)(^-M) _ i) = p _ i + p> 
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because v 7T ((==) p ( a ^ = p — 1 + p with p odd and p / n implies p / 

v p ; indeed (£Is1)p( ct ~ 1 ') cannot climb up by the action of (a — l)(a — p). 
Thus v w ({ = ) p - 1) < p - 1 + p follows from relation (|27l) . 
3. ?; 7r (= — l)<p— 1 + pisan immediate consequence of relation (|26j) . 

□ 

Remark: Observe that g(q) is explicitly computable by g(q) = Ya=o Cp~* 
and that the number p defined in relation (|25j) p. [15] can therefore be ex- 
plicitly be algebraically computed by 



/-—vi/-u 
i=Q S>p S»g 

i=0 Sp <5<J 



Numerical MAPLE computations for a large number of pairs of odd prime 
(P) O) ; 9 = 1 mod p had shown that p = 3 for almost all pairs and that p 
seems always small before p when p is large. 



4.2 Jacobi cyclotomic function and singular num- 
bers 

The computation method applied is derived from Jacobi cyclotomic func- 
tion (see for instance Ribenboim [5j section 2. p. 117). Recall that v 
and p are respectively defined in relations ([24"]) and ([25]) . We shall use the 
inequality v < p found above 



Definition: let i be an integer with 1 < i < q — 2. There exists one and 
only one integer s, 1 < s < q — 2 such that i = u s mod q. The number 
s is called the index of i relative to u and denoted s = ind u {i). Let a, b 
be natural numbers such that ab{a + b) ^ mod p. The Jacobi resolvents 
verify the relation: 

( 0Q \ < (piCg >< CpXg > _ /-axindv,(i)—(a+b)xindu(i+l) 

^ ^p > <,cj i= i 

(See for this result for instance Ribenboim [6] proposition (I) p. 442). The 
interest of this formula for 7r-adic structure of singular primary numbers 
is that the right member belongs to Z[£ p ] though the Jacobi resolvents 
< Cp\C? >, < (p,( q > and < Cp +b ,C q > are only in Z[C P ,C?]: the left 
member in is more convenient for studying 7r-adic congruences. 
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Theorem 4.2. Let a, b be two natural numbers such that ab x (a + b) 
mod p. Let q be a prime ideal ofZ[£ p ] of inertial degree 1 with C7(q) 6 C p 
annihilated by a — p, p £ F*. Let g 6e t/ie prime number above q. Let ^4 
6e a corresponding singular number with AZ[( p ] = q 2p . If p < p then 

1. The Jacobi cyclotomic function 

q-2 

(30) V>a,b(C P ) = Yl Cp XinMi) ' (a+b)xindu{t+1) = -1 mod ir u . 

i=i 

2. For k = 2, . . . , v - 1 

g-2 

(31) S ^{ a x ind u (i) — (a + 6) x ind u (i + l)} fc = mod p. 
i=l 

Proo/. 

1. We start of g(q) = X]?=i Cp iV Q '■ There exists a natural number 
q such that ee a mod p. Then < £p,C? >=< Cp^Cg >= 
a a (g(q)). From definition relation (|25l p. [T5l (/(q)' 7 " -1 '" = ±1 mod tt p . 
Similarly, for — v@ +1 = b modp, < ( p , ( q >= <r^(p(q)) and 5'(q) CT/5_1 '' 3 = 
±1 mod ir p . 

2. < (p +b ,Cq >=< (p m "'Xq > with -v^ +1 = a + b mod p. Then < 
C P + \C q >= 0" 7 ( 5 (q)) with 5 (qr 7 -" 7 = ±1 mod tt". 

3. 

<ff,c,><£c«> = ^( g (q))^yq)) mod 

<Cp +6 ,C 9 > ^(o(q)) yW 

also 

< Cp ? Cg >< Cp,C? > ^ ±g ^v- 1 x(v°'+ 1 +vf 3 + 1 -v-'+ 1 ) mod P mod 
< Cp +6 , Cg > 

But v a+1 + — v 1+l = —a — b + a + b = mod p. From g(q) 
I mod p it follows that g(q) p = — 1 mod ir p . Then if p < p we get 

<C^Cq><C b p ,Cq> ^ ± 

<C P a+6 ,Cg> 

and from Jacobi cyclotomic function relation (|29p 

q-2 

^oxtwdu(»)-(o+6)xiTKiu(i+l) _ _|_^ mod 7r p 

i=l 
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But we see directly , from £ p = 1 mod p and q — 2 = — 1 mod p, that 

9-2 

^ ^ ax wri^ (i) — (a+fe) x wri^ = _j moc J 7r 
i=l 

and finally that 

g-2 

'y ^ £-axind u (i)-(a+b)xind u (i+l) _ _^ moc J 
i=l 

which proves relation (|30p because v < p from theorem 14.11 
4. The congruences (|31|) are an immediate consequence, using logarith- 
mic derivatives. 

□ 

This result takes a very simple form when o = 1 and b = — 2. 
Corollary 4.3. With a = 1, b = —2 in theorem \J^\ p. [23 if P <P then 

q-2 

(32) V>i,-2(C P ) = E C duWm)) = -1 mod ir». 

i=l 

For fc = 2, . . . , v - 1 

9-2 

(33) J2ind u (i(i + l)) k = mod p. 
i=i 

Proof. Take a = 1 and b = —2 in congruence (|3U|) to get 

q-2 

(34) C; ndll(i)+ind " (4+1) = -1 mod ir u . 
i=l 

But ind u (i) + ind u (i + 1) = ind u (i(i + 1)) mod (o — 1) and so from q = 
1 mod p we get ind u (i) +ind u {i + l) = ind u (i(i + l)) mod p which achieves 
the proof. □ 

Remarks: 

1. These results are meaningful for the case of singular primary and the 
case of singular non-primary integers A. 

2. These results are meaningful for all prime ideals q of inertial degree 
1 whose class is in T. Observe there are infinitely many such ideals q. 
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3. We have computed ^1,-2 (Cp) f° r a large number of pairs (p,q) with 
small q, p ^ 3, mod 3 and we have found that for almost all 

these pairs ir 3 || V ; i,-2(Cp)- We conjecture that p is in most cases small 
before p. Thus we conjecture that v is in most cases small before p. 

A question: From Denes it is known that there exists a fundamental 
system of units e* G 0* K+ with e< = <n + b i \ 2i+Ci ^ p ~ r) mod ^+1+^0-1) 
for i = 1, . . . , where Oj, 6j, c, are natural integers and q > when £j 
is a primary unit (see for instance Ribenboim [5] (8D) p. 192). Is such 
a result can be extended to singular primary numbers? In that case it 
should mean that p defined by relation (|25p p. [15] could take a value not 
always small in regards of p. By opposite, our MAPLE computations of p 
seems to show that p = 3 for almost prime numbers q = 1 mod p and that 
p seems to be always small in regards to p. If the Denes result could be 
extended to all singular numbers A non-units it could explain the scarcity 
(or impossibility) to find components of the positive p-class group C+, (a 
question connected to Vandiver's conjecture). 



5 Principal prime ideals of K p and Kummer- 
Stickelberger relation 

Observe that the Stickelberger relation and its consequences on prime ide- 
als q of Z[£ p ] is meaningful even if q is a principal ideal. As an example, 
we give the theorem: 

Theorem 5.1. Let q\ 6 Z[£ p ] be an integer verifying q% = a mod tt p+1 
where a G Z, a j£ mod p. If q = N K /Q(qi) is a prime number then 
p(ff-l)/j> = 1 mod q. 

Proof. a p ^ 1 = 1 mod p, hence q is a prime ideal of residual degree 1. giZ[C p ] 
is a prime ideal of Ok- Let us denote qi this ideal. From Stickelberger 
relation <7(qi) p Z[£ p ] = qf and so there exists e G T,[C, P + Cp 1 }* such that 
g(qi) p = x e and so 

/ g(qi) s P = /£i\p(<r) 

From hypothesis = = 1 mod 7r p+1 and so (2i3i)P = 1 mod tt' p+1 . Therefore 
v n (g(c[i) p + 1) > p if not we should have t> 7r (=i) p + 1) = p. From lemma 
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Op- El it follows that pfa-i)/p = 1 mod q. 



□ 
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